El Filtro de Kalman
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Probabilidad

Event

A P(A)e0,1]

Probability

not A P(;ll) =1- p(:l)
.o |P(4UB)=P(4)+ P(B) - P(ANB)
= P(A)+ P(B) if A and B are mutually exclusive
., [P(4n B) = P(4|B)P(B)
= P(A)P(B) if A and B are independent

P(ANB)
P(B)

A given B P(:l | B) =
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Distribucion uniforme

fora < ax <b,

1
_ b—a
0 forr<aorxz>0b




Distribucion normal

E_%(I_;E)

o\ 2T

Propiedades Normal

R0l - ~ N (1. 0%) = ax ~ N(am. a*c?).

x~ N(m, o) = x+u~ NOm+u o?).

2~ N(mg, a2),y ~ N(m,, crf/) = a4y~ Nmg +my, o>+ 03)‘

= |ntervalos
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http://upload.wikimedia.org/wikipedia/commons/7/74/Normal_Distribution_PDF.svg
http://es.wikipedia.org/wiki/Archivo:Standard_deviation_diagram_(decimal_comma).svg

Normal multivariable

Diego Rodriguez-Losada

Indice

Probabilidad

KF lineal
EKF

Aplicaciones:

= Estimacion de un voltaje
= Estimacion de un misil

= Localizacién 1D

= Localizacién 2D

Diego Rodriguez-Losada



Derivacion 1D (var min)

Diego Rodriguez-LoJ

Derivacion 1D

= Reorganizando:

= Entonces:

CAR. UPNM-

Diego Rodriguez-Losada



Indice

Probabilidad
Derivacion caso 1D

=

Aplicaciones:

= Estimacion de un voltaje
= Estimacion de un misil

= Localizacién 1D

= Localizacién 2D

Diego Rodriguez-Losada

Filtro Kalman Lineal (KF)

= Modelo del proceso

Xip+1 = Fxi + Guy + wy,

= Modelo de observacion

Zp1 = HXpp + Vi

= Ruidos
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Filtro Lineal: Prediccion

Xr1 = Fx. + Gui + wy,
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Filtro Lineal: Correccion

Xp+1 Pri

Zrper = HXpp + Vi

S =HP,. H +R
K=P, H'S™.

X1 = Xpt1 + K(Zp1 — HXpp)

P = Py — KSKT,
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Filtro Extendido (EKF)

= Modelo del proceso

x(k + 1) = f(x(k),u(k +2))

= Modelo de observacion

z(k+1) =h(x(k +1)) +v(k +1)

= Ruidos

u(k+1) ~ N (G(k +1),Q(k +1))
v(k+1)~ N(0O,R(k+1))
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Prediccion: Linealizacion
modelo del proceso
x(k + 1) = f(x(k),u(k +1))
=f(%(k | K),0(k +1)) +
+FX(k+l)(x(k)—>2(k|k))+

+F,(k+1)(u(k +1)-a(k +1))+0?
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Filtro Extendido: Prediccion

x(k) ~ N (X(k | k), P(k | K))

u(k+1) ~ N (a(k +1),Q(k +1))

%k + 1|k) = F(x(k|K),a(k +1))
P(k+1|k) =F (k+1)P(k]| k)FXT(k +1)
+F, (k+1)Q(k +)F (k +1)
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Correccion: Linealizacion

modelo de observacion

z(k+1) =h(x(k +1)) +v(k +1)
~ h(x(k +1|K)) +
+H, (k+1)(x(k +1) —x(k +1]k))+ O’
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Filtro Extendido: Correccion

%(k + 1|k),P(k+1|k)

Ganancia del filtro
Kk+1)=Pk+1|k)H " (k+1)S*(k+1)

Correccion del estado

K(k +1| k +1) = X(k +1| k) + K(k + 1)h(k +1)
P(k+1k+1) = [I-K(k + ))H, (k + 1)]P(k +1| k)
=Pk +1|k)-K(k + 1)S(k + 1)K  (k + 1)

R(k+1|k+2),P(k+1|k +1)
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Correccion (Joseph)

P(k+11k+1) = (1- K(k + )H)P(k +1| k) (1- K(k + 1)H)'
+ KK+ )RK(k +1)T

CAR. Ul
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ma:uremmt Update (“Correct™)

(1) Compute the Kalman gain

iec S - T -1
(l)]’mj&.fthcstmcahcad KR — PKHI(HPKH’ +R}
%, = Ak, _, +Bu,

Time Update (“Predict™)

(2) Update estimate with measurement z;.

(2) Project the error covariance ahead :[A = :tk + Kk(zk — Hj:i}

P;{ = APk _ 1AT +0Q (3) Update the error covariance

k—/ P, = (I KH)P,

Initial estimates for &, | and P,
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Estimacion de un voltaje
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Estado y modelo del proceso
= Estado

x=(V)

= Modelo del proceso
V(t+1) =V (t)
= Estimacion inicial

%(0) = (4.5), P(0) =[0.5]

Diego Rodriguez-Losada

Observacion y correccion

S=P+cov_obs; z=V +v
K=P*inv(S); v~N(O,R)
INN=z-X;

X=x+K*inn; S=HP,  H' +R
P=P-K*S*K": K-P, H'S "

Xpp1 = X1 + K(zpe — HX )

P =Py — KSKT,
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How ‘Iron Dome’ works

1. A rocket is
fired at Israel
from Gaza

2. Israeli radar
. locates the rocket
{ in flight

3. A second after
the rocket is fired,
Israel launches a
faster missile

- 4. The missile

/] intercepts the
{ rocketata

high altitude

Source: Rafael Data: Yuval Azouls
Diego Rodriguez-Losada

Image: Dror Artzi / Jini
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Trayectoria proyectil

= Estado

Diego Rodriguez-Losada

Modelo del proceso

function x=ProcessModel(x,t) RORESME

X(1)=x(1)+x(3)*; y=y+v, At LAt
X(2)=X(2)+X(4)*1-4.95*t; 2
X(3)=x(3);
x(4)=x(4)-9.8%;

end

X=f(x)=Fx=

Diego Rodriguez-Losada
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Observacion

z= [ x_r(1)+sigma_obs*randn();
X_r(2)+sigma_obs*randn()];
%Jacobian
H=[1 0 O O;
0100];

ya que X =

Diego Rodriguez-Losada

correccion

X1 = X1 + K(zp41 = HXp41) | S = HP,,HT + R
Pj.1 =P — KSK”, K=P, HIS !

%Next kalman updated position (k|k)
S=H*P*H'+R;
K=P*H"*Inv(S);
inn=z-x_e(1:2);
x_e=x_e+K*inn;
P=P-K*S*K";

Diego Rodriguez-Losada
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Inicializacion

X(0)

x11) =z,()

yan=z,Q)

X(212)=2,(2)

y(2|2)=2,(2)

x(2]12) —x(@1)
At

v,(2]2) =
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| ocalizacion 1D

Diego Rodriguez-Losada

Prediccion

Thtl = Tp + U + Wy

T+ up ~ N(2p + g, crf)

Tpey = (2 + wg) + wg ~ N(21 + ltk.Ui + O'i)

y

AT( = ~2
.Tk+1 ~ _\(Ik+1.ak+lj

CAR. UPNM-
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Observacion

21 = Thrt + Uk 1 Wl = Y — Xea
y =6 posicion conocida baliza

Thtl = —Ukt1 + Ziet1-

Modelo inverso de
observacion

Diego Rodriguez-Losada

Derivacion: Informacion

Iprim' = —5

Diego Rodriguez-Losada
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Derivacion Il

S=HP, H +R
K =P, HTS L

Xjp1 = X1 + K(Zpe — HX )

P =Py — KSKT,

Diego Rodriguez-Losada

oey

[ e xep

[
l‘ | At ‘c’-él{):"grs_\lz;nvtsn.‘,-gum)
O
T | [

L' / /

Robot se mueve 1
m

sigma_u=0.25
sigma_z=0.35
Una baliza a 6
metros
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| ocalizacion
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Transformaciones relativas

= Composicion e inversion

Xy = X; +X; COSE; — Yy, sing;
Xie =X @K 4 Yy =Yy + X, SinG; + Y, €os G,
gik :gij +9jk

Xji ==X; COSG; — y; Sin ;
Yi =% sin gij —Y; Cos eij
Hji =-06

]

X = OX; &

CAR. UPM-
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Jacobianas

X, = X, + X, C0s@, —y,sin 6,
X, = =Y, +X,sing, +y,cosb,
0,=06,+6,

X, =X, + X, €0sd, —Y,siné,

=Y, +X,SIiN6, +Yy,Ccosb,
— c
OX

A OX,
‘JZ(XC):‘JZ(Xa’Xb _8X
b

Ra Xy
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Movimiento del robot |

m Medida odomeétrica

u(k +1) ~ N(a(k +1),Q(k +1))

ik +1)

m Ecuacion de prediccion

x(k + 1) = f(x(k),u(k +1)) = x(k) u(k +1)

CAR. UPM-
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Movimiento del robot Il

= Prediccion del estado en k+1|k
x(k + 1) = F(x(k), u(k +1)) =x(k) ®u(k +1)

Jl coste
computacional
ak +1)

OX
P(k |K) : .
0(k+1),Q(k+1)

=J; (X (k k), 0(k +1))

% (Klk)
a(k+1)

o = JoEa (K[ K).0(k +D)
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Observaciones

= En el instante k+1 el robot realiza la
observacion de ‘m’ objetos.
= Asoclacion de datos conocida

= Asociacion de datos desconocida:

= Decidir a cual objeto corresponde cada observacion, o si
es un objeto nuevo.
= Test de compatibilidad individual
= Test de compatibilidad conjunta

Diego Rodriguez-Losad

Correccion |

= Ecuacion implicita de medida
h(z'(k +1),x,(k+1)) =0

N(Z (K +1), % (k +1) = %, (k+1) DX (k+1) D2 (k+1) =0

Diego Rodriguez-Losada
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For point landmarks

index=indices(i)
h(k+1) =h(z,(k+1),x5 (k+1),M) =
=M, .. +X:(k+)®z,(k+1)=0

index

Correccion Il

h(z' (k+1),Xg (K +1) = OX,. (k+1) @ X, (K +1) @ 7' (k+1) =0
Il
Ak +1) =—h(z(k +1), %, (k +1] k)) = 0

N

=J,(Xz,2;) 2X3

H (k1) =0

OXg
=J,(Xz,Z;) 2x2

%, (k+1] k) ﬁ op
P(k +1|k) ’ az,

Sk+1)= HX( +DP(k+1|K)H] (K +1) +H, (k +DR(k +D)H] (k +1)

2'(k+1) ~ N (z(k +1), R(k +1))

Xg
z:

f(R
Z
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Xq(k+1]k)
P(k +1|k)

Ganancia del filtro
Kk+1)=Pk+1/k)H,(k+1)S*(k+1)
Correccion del estado

Ko (K+11Kk+1) =% (kK+1]k)-K(k + Dh(k +12)
P(k+1|k+1) = [I -K(k+1H, (k+ 1)]P(k +1]k)

N X(k+1]k+1)
AP (k+1[k +1)

Asociacion datos desconocida

foreach z, e z
foreach x, e M
]

d=dist(—h(k +1),0);
if(d<min)

d < min
end
end
end

CAR. UPNM-
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Test de Mahalanobis
individual

h' (k+DS™(k + 1)hT (k+1)< Xdzlm(h(k+1)) a

Emparejamlento

Emparejamiento
no vélido < m { Sl vah%oj

Estrategias:
-Nearest Neighbour NN: vecino mas cercano

-Todos los emparejamientos validos.

Diego Rodriguez-Losada

Test Compatibilidad

Conjunta

= Robustez en la asociacion.

(k+12)

acum

N

hT TSt R < A2

acum “acum® “acum dim(h e (K+1)),&
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Derivacion bayesiana

Pfl

t

2

(z,-h(x)) R{*(z,-h(x,))
2

(Xt _kt )T

p(x, |z ut) ~ exp(— (x _X‘)J Estimation

p(zt|xl)~exp(— j Measurement model
Bayes
p(x 12',u") ~ p(z,[%, 2" u")p(x |27 u') =

Markov

- p(zt | Xt) p(Xt | Zt_lv ut) =

Gajssexp(_(xl_xt) Zl(xt—x) (z.—h(x)) F;f(zt—h(xt))

)
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Derivacion bayesiana

n, =argmax(p(x, | z',u'"))

h(x,) =h(%)+H(x ~%)+0(x —% )" ~h(%)+Hx, —Hg,
= (%~ %) P (% —%)+(z, —h(%) — Hx, + H%, )" R (2, —h(%,) — Hx, + HX,)
5—:=2P[1(xt %)~ 2HTR; (2, ~h(%) — Hx, + H% ) =0
t
P% —P 7% —H'R*(z, - h(%,))+ H'R*HX —HTR;*H%, =0

(P + H'R™)x, = (P + H'R{™H)% + H'R* (2, ~h(%,))

=% +(P +H'R'H) H'R(z —h(%)

n =%, +PH (HPH +R,) (z,-h@®))=% +K(z-h@&,))

CAR. UPM-
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Derivacion bayesiana

Diego Rodriguez-Losada
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